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The exchange part of the single-particle spin-orbit potential 
fo l lowing from a two-body spin-orbit potential is calculated. 
Scheerbaum's approximation of setting the exchange part 
equal to the direct part is investigated. 

The single-particle (s.p.) spin-orbit (s.o.) potential 
resulting from the short-range two-particle (t.p.) s.o. 
potential is not expected to be essentially influenced 
by curvature effects 1. Thus its form can be derived by 
using the simple model of the one-dimensional nucleus 
with its plane surface. 

The direct part Fd of the s.p.s.o. potential can easily 
be calculated using the standard methods: 

FD = 1 Mj nW - D (z) (ax ky-oykx). (1) 
i= l 

Mj are the moments of the nucleon-nucleon s.o. poten-
tial, n is the nuclear density, k the wave vector. The 
operator (ox ky — oy kx) is the equivalent of the opera-
tor — (I • a)\t in the case of a spherical nucleus. 

SCHEERBAUM 2 has given arguments favoring the ap-
proximation to set the exchange part FE equal to FD . 
In the present paper the exchange contribution FE is 
calculated for the system of semi-infinite nuclear mat-
ter. Scheerbaum's first approximation — used also 
elsewhere, e. g. in 3 — is verified; the higher order 
corrections are given in a closed form. 

The s.p. wave function in the semi-infinite medium 
is denoted by its quantum numbers k (the wave num-
ber) , x = ± 1 (the spin orientation), and t3 (the iso-
spin). Introducing the standard normalizing volume Q 
(see e. g. Ref. 4) the spatial part of the s.p. wave func-
tion in the semi-infinite nuclear system is given by 

Wk (r) = ^ <Pkz(z) e«*«* + *»w>. (2) 

The appropriate spin functions are given in Ref. 5. 
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The diagonal matrix elemet of the s.p.s.o. potential 
is defined by 

(kxt3\V\kxt3) = (kxt3\VD + VE\kxt3) (3) 
with 

<fc * t31 F d I k x f3> = 2 <fc x t3; k x' t3' | V12 \ 

kx t3; k'x t3), (3 a) 
(kxt31 FE I kxt3)= - 2 (kxt3; k' x t3' | V12\ 

k',x',t' 3 
k'x't3; kxt3), (3 b) 

Fi2= (KtP3++V!iP3~) I S. 
F3+ and V3~ are the spatial parts of the s.o. potential 
for the corresponding t.p. states; the operators Ps+ and 
P3~ are the respective projection operators. Carrying 
out the isospin summation in the exchange part (3 b) 
corresponds in the usual way to the replacement 

I <<3 h' I 0 > 3 + + FL"P3" 113 t3> = (t31 4 / E I *3>, 
t'3 

47E = i Fia — J Via. (4) 
After the spin summation in Eq. (3 b), the exchange 
part FE has the following form 
(kxt3\VE\kxt3)= -2(x\a\x) • 

" ( 2 [ « / / d37i d3r2 ( r j VV to) 
& 

JE(ru) ( r t - r 2 ) x j ( V t - V 2 ) %pk, (rt) yk (r2), 
( 5 ) 

being the Fermi hemisphere domain of integration. 
The z-component of the spatial part of expression (5) 
is of no relevance since the z-component of the spin 
part vanishes. With the mixed density 6, 

»(1*1 ,r2)=n (zt, z2, Yx2 + y-) 
k F 

= 2h* [ d k z V*2 ^ Wz ^ ~ k z ' (6) 
ö 

t - ]/x2 + y2 yk?2 — kz2, x = x1 — x2, 
r = \ r i - r 2 1 , 

the spatial part of Eq. (5) is evaluated explicitly 
(kxt3\VE\kxt3)=(l6/Q) (7) 

3 
<Pkz{z2)^~ n(rltr2). 
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In order to derive a manageable expression from Eq. 
(7) for the exchange part of the s.p.s.o. potential the 
term 

3 
<Pk2{z2) n{rt, r2) 

is expanded up to the second order by using the Tay-
lor series of the wave function <pkz(z2) about the point 
zt and the series expansion of the mixed density ac-
cording to formula (6). Specialising 7E (r12) to the 
Gaussian form JE(r) = A exp{ — a2 r2} we obtain for 
the diagonal part of (7) after some elementary inte-
grations the following expression: 

VE = exp { - (kx2 + ky2) / (4 a2)} 
kx2 + ky2 1 3 , 3 

n (z) +h1{z) + 4fl2 h,(z) + 4 a2 g - n (z) ^ 

The functions hj(z) vanish in the inner part of semi-
infinite nuclear matter. They are defined by 

- %kz (z) (Z) (kF2 - kz2)2 dkz 
1 

n2 a-

- i J (p'kz (z) (p'% (z) (kF2 - kz2) dkz 

kv 
h,(z) 2 n2 a2 0 I qpkz (z) (p'kz (2) (kp2 - kz2)2 dkz . 

The second order terms contained in Eq. (8) are of the 
order kp2/ (4 a2) relative to the first order approxima-
tion given by the leading term of Eq. (8), which is 
simply proportional to n (z). 

Formula (8) can be conveyed to spherical nuclei for 
a calculation of the exchange contribution to the s.o. 
splittings. The functions gj (z) may be calculated for 
the semi-infinite system by using e. g. the conventional 
linear s.p. potential to generate the wave functions 
cfkz (z). Then we may proceede to finite spherical nu-
clei by making the appropriate replacements 

z ^ r , (kx2 + ky2) I (4 a2) I2/ (4 a2 r2), 
Ox ky Oy kx ^ -l-o/r . 

Thus, for spherical nuclei the exchange part FE of the 
s.p.s.o. potential is given by 

(Oxky-Oykx). (8) yE = ex P { - I 2 / ( 4 a2r2)}-J 
12 1 3 , 3 

+ 4a2 37 " W 3"r 

n(r) +ffAr) + 

l a . (9) 

For the calculation of the s.o. splittings the diagonal 
matrixelement of FE between oscillator wave functions 
has to be taken. The operator I2 can then be replaced 
by the number / (/ +1 ) . 

If the 3+ part of the t.p.s.o. potential may be ne-
glected the exchange part FE equals in first inhomo-
geneity order the direct part FD . 
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